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Abstract. The fimite-element approach to lattice field theory 1s both highly accurate (relative errors ~ /N2,
where N 15 the number of lattice points) and exactly unitary (1n the sense that canonical commutation
relations are exactly preserved at the lathice sites). In this Letter, we construct matrix elements for the time
evolution operator for the anharmonic oscillator, for which the continuum Hamiltoman is H = p%/2 +
Ag?*i2k. Construction of such matrix elements does not require solving the imphicit equations of motion.
Low-order approximations turn out to be guite accurate. For example, the matrix element of the time
evolution operator in the harmonic oscillator groundstate gives a resull for the k = 2 anharmonic oscillator
groundstate energy accurate to better than 1%, while a two-state approximation reduces the error to less
than 0.1 %. Accurate wavefunctions are also extracted. Analogous results may be obtained in the continuum,
but there the computation is more difficult, and not generalizable to field theories in more dimensions.
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1. Introduction

For over a decade now, the finite-element method has been developed for application
to quantum systems. (For a review of the program sce [17].) The essence of the
approach is to put the Heisenberg equations of motion for the quantum system on a
Minkowski spacetime lattice in such a way as to preserve exactly the canonical
commutation relations at each lattice site. Doing so corresponds precisely to the
classical finite-element prescription of requiring continuity at the lattice sites while
imposing the equations of motion at the Gaussian knots, a prescription chosen to
minimize numerical error. We have applied this technique to examples in quantum
mechanics and to quantum field theories in two and four spacetime dimensions. In
particular, recent work has concentrated on Abelian and non-Abelian guage theories
[2-6], especially on issucs of chiral symmetry breaking.

Because it is the equations of motion that are discretized, a lattice Lagrangian does
not exist in Minkowski space. This is hecause the equations of motion are in general
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nonlocal, involving fields at all previous (but not later) times. Similarly, a lattice
Hamiltonian does not exist, in the sense of an operator from which the eguations of
motion can be derived.

However, because the formulation is unitary, a unitary time-evolution operator
must exist which carries fields from one lattice time to the next. For linear finite
clements this operator in quantum mechanics has been explicitly constructed [7].
Construction of this operator requires solving the equations of motion, which are
implicit. Therefore, it is most useful, and perhaps surprising, that when matrix
¢lements of the time evolution operator are constructed in a harmonic oscillator
basis, they do not require the solution of the equations of motion [8]. Although these
general formulas were derived some years ago, it seems they have not been exploited.
Our purpose here is to study, in a simple context, the matrix elements of the
evolution operator, and see how accurately spectral information and wavefunctions
may be extracted. (A preliminary version of this work appears in [9].) Our goal, of
course, is to apply similar techniques in gauge theories, for example, to study chiral
symmetry breaking in QCD.

2. Review of the Finite-Element Method

Let us consider a quantum mechanical system with one degree of freedom governed
by the continuum Hamiltonian

pZ

H= 5 + W(g). (2.1)
from which following the Heisenberg equations

p=-Vi0) 4=r (2.2)
These equations are to be solved subject to the initial condition

[q(0), p(0)] = i. (2.3}
It immediately follows from (2.2) that the same relation holds at any later time

[q(t), p(t)] =i (2.4)

Now suppose we introduce a time lattice by subdividing the interval (0, T) into N
subintervals ¢ach of length h. On each subinterval (‘finite element’} we express the
dynamical variables as rth degree polynomials

r

p)= Y alt/h),  q() =} bR, (2.5)
k=0

k=0
where ¢ is a local variable ranging from 0 to A. We determine the 2(r + 1) operator
coeflicients ay, by, as follows:
(1) On the first finite element let
ay = po = p(0), by = g0 = g(0). (2.6)
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(2) Impose the equations of motion (2.2) at r points within the finite element, at
ak,i=1,2,..,r, where 0 < o, < 2, < --- < &, < 1. This then gives

¥ r
Py xp =Y a4 qky=qi= 3 b 27
k=0 k=0
(3) Proceed to the next finite element by requiring continuity (but not continuity
of derivatives) at the lattice sites, that is, on the second finite element, set
do = P1» by = q1. (2.8)

and again impose the equations of motion at o;h, and so on.

How are the as determined? By requiring preservation of the canonical com-
mutation relations at each lattice site,

[91: P11 = [0, Po] = i, (2.9
one finds

r = 1 (linear finite elements): & = 4, {2.10a)
1

r = 2 (quadratic finite elements) 2, =} + Wit (2.10b)
A

/3
r = 3 (cubic finite ¢lements): oy 3 = 3 F ;f—s, a =31 (2.10¢)

These points are exactly the Gaussian knots, that is, the roots of the rth Legendre
polynomial

P2z — 1) =0. (2.11)

Amazingly, these are precisely the points at which the numerical error is minimized.
It is known for classical equations that if one uses N rth degree finite elments, the
relative error goes like N~ %, while imposing the equations at any other points would
give errors like N 7"

Let us consider a simple example. The quartic anharmonic oscillator has the
continuum Hamiltonian

H = p* + 3iq", (2.12)
for which the equations of motion are
g=p.  p= g’ (2.13)

Il we use the linear (r = 1) finite-element prescription given above, the corresponding
discrete lattice equations are

qi—qo _P1t+ Do Pi—Po_ A 3
w2 PR 3(9'1 + o). (2.14)
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(Notice the easily remembered mnemonic for linear finite elements: Derivatives are
replaced by forward differences, while undifferentiated operators are replaced by
forward averages.) By commuting the first of these equations with p, + po and the
second with g, + go, the unitarity condition (2.9} follows immediately. These
equations are implicit, in the sense that we must solve a nonlinear equation to find ¢,
and p, in terms of ¢, and py. Although such a solution can be given, let us make a
simple approximation, by expanding the dynamical operators at time 1 in powers of
h, with operator coefficients at time 0. Those coefficients are determined by (2.14),
and a very simple calculation yields

i
g1 = qo + hpo —5”243 + o

P1 = po — Ahgd — 3ih%qo pogo + . (2.15)

We can define Fock-space creation and anmihilation operators in terms of the
initial-time operators

(a+a’) (a—ah
— , Po = , 2.16)
which satisfy
[a,af] = 1. 2.17)

Here we have introduced an arbitrary variational parameter y, which represents the
width of the corresponding harmonic oscillator states. The Fock-space states
(harmonic oscillator states) are created and destroyed by these operators

_@r

N

which states are not energy cigenstates of the anharmonic oscillator. We can now
take matrix clements in these states of the dynamical operators at lattice site 1, using
(2.15)

(L pa[0) = {1 polOX(1 + i3hiy* — Fh2dy* + -
~ (1] pol O3 (1 + iwh — F0®h? + ), (2.19)

[

[0, (2.18)

and
h
{119,107 = {1]qal0>(1 + iF—%hzlvz + )

~ (| qol O3 (1 + iwh — L w?h? + ), (2.20)

where we have assumed approximately exponential dependence on the energy
difference w. Equating the coefficients of the terms through order h? constitutes four
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equations in two unknowns. These equations are consistent and yield

1
w=tigt= 5, (2.21)
4

so the energy difference between the ground state and the first excited state is
approximately

w=0(A"73x L1457 (2.22)

which is only 5% higher than the exact result Eq, = 1.08845/'3. A similar calcula-
tion wsing quadratic finite elements (¢ = 2) reduces the error to 0.5%.

Numerical results for a large number of energy differences can also be obtained by
taking the discrete Fourier transform of the time sequence {0| g,}1>}. For example,
for 1000 finite elements, energy differences are computed at the 2—-3% level [10].

3. The Time-Evolution Operator

Because the canonical commutation relations are preserved at each lattice site, we
know that there is a unitary time evolution operator that carries dynamical variables
forward in time

net = Uq.nUTv Pat1 = U’anT: (31)

For the system described by the continuum Hamiltonian (2.1) in the linear finite-
element scheme, we have found [7] the following formula for U:

U = eihphis gibdian gitp?j4. (3.2)
where*
2 -1 1,272 -1 2
A(x) = F[x — g~ (4x/h7)]" + Vig™ (4x/h?)), (3.3)
4 !
glx) = nix + ¥i(x). (3.4)

The implicit nature of the finite-element prescription is evident in the appearance of
the inverse of the function g.

Given the time evolution operator, a lattice Hamiltonian may be defined by
U = exp(ihs#). For linear finite elements 3¢ differs from the continuum Hamiltonian
by terms of order h* For example,

}
V=4imlgh # = tan‘(ml)[%p" + %mzq{l. (3.52)

*A misprint occurs in (2.21b) of [1].
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. A 5

V= §q3: #=ip+3ig* + hzl:ﬁpqp + p{] + ey (3.5b)

V= %q“' H=3p+iig*+ 1 —ﬁq’6 - équq + - (3.5¢)
47 " o m e 47 8 ' ‘

If one uses quadratic finite elements # differs from the continuum Hamiltonian by
terms of order A%, etc.

4. Matrix Elements of Dynamical Variables

Remarkably, it is not necessary to solve the equations of motion to compute matrix
elements of the dynamical variable. Introduce creation and annihilation operators as
in (2.16). Then, in terms of harmonic oscillator states (2.18), the following formula is
easily derived [8] for a general matrix clement of ¢,:

{mlg,|n>

= —ﬁ(ﬁémm_l + ﬁam,n—l) +

—if8(m—n) 5]

[+

+ —_—
R./ a2 mpim! |-

where g is given by (3.4), H,{x) is the nth Hermite polynomial, and we have
introduced the abbreviations
, W 1
T

dzz ¢y () H,(g(2) 2R H g (2)/2R), (4.1)

_
"~ RW*  Rhy’

e 4.2)
For the example of the harmonic oscillator, this formula gives for the groundstate—
first excited state energy difference w = (2/h) tan~ ! (h/2), consistent with (3.5a), while
for the anharmonic oscillator (2.12), if we expand in % we obtain precisely the

expansion (2.20).

5. Matrix Elements of the Time-Evolution Operator

A similar formula can be derived for the harmonic oscillator matrix elements of the
time evolution operator. (There is an error in the formula printed in [8].)

1 1 .
U _ ~in+m+1)8
{mlUlny 2R /2"t ptm) °

” J dz g’(z)H,,(g(z)/ZR)Hm(g(z)/ZR) e[ihV(zH-ih3V’(z)1;8vh29(z)2e'”/8?1‘1],
(5.1

which again is expressed in terms of g not g~ L.
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For the harmonic oscillator, where V = g%/2, (5.1) gives for the ground-state
energy

| h
{OlU |0 = ek, e = Etan‘l 3 (5.2)
which foliows from (3.5a). For the general anharmonic oscillator, V = ig**/2k, again
we expand in powers of h, with the result, for the harmonic oscillator groundstate,
2

OIU0Y = 1 + ihA M D1 (g) — %12-““ Us(a)

v 1+ jwgh — tdh® + -, (5.3)
where o = Ay**2 and
1 20 Tk + 1/2)
- (1422 4
/= 40(1’”‘“’( MR ) (5.42)
o 2% — 1Tk +1/2) 40> [(2k + 1/2)
sle) = W(S SR o YR i ) (5.40)

This result also derivable from (3.5), using (2.16), but with considerably more labor.
Equating powers of A in (5.3) gives us two equations, which are to be solved first for
the dimensionless number a. Once the number « is determined, the value of g is
expressed as

g = AT D (), (5.5)

For a first estimate, we use only the O(h) Equation (5.5) and employ the ‘principle
of minimum sensitivity’ (PMS) [11] that is, use the stationary value of «,

2t k1 [@k — gty

[ay=0=u :i-z—k—_—fﬁzf(a) K SE DT (5.9)
Specific examples arc
04293, k=2,
fla)y =< 0.4639, k=3, (5.7)
0.5230, k=4,

which are higher than the exact values [12] of 0.420805, 0.43493, and 0.46450 by
about 2%, 7%, and 13%, respectively. In fact, when we solve (5.3) for «, that is solve
J(2)? = s(z), we find complex values, for example, for k = 2

i
2./3

The imaginary part is small, and the real part is only 0.7% low. The corresponding
result for & = 3 is f(0x) = 0.4453 T 0.03524, where the real part 1s now only 2% high.

=3+

= f(2) = 0.4178 T 0.00774. (5.8)
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However, for k = 4, f(z} = 0.5171 F 0.07134, and the real part is still 11% high. The
failure of (3.8) to be real does not indicate any breakdown of unitarity, but only that
the one state approximation is not exact.

We do much better by making a two-state approximation, where we must
diagonalize the 2 x 2 matrix

UOO UO?_)
. (5.9
(Uzo Uiz
For k = 2 we then find the following relation between w, ; and o = Ay®:

'11/3 .

o2 = g0 (124210 F 2./38 + 162 + 332%)1/2], (5.10)
which, for the — sign, is plotted in Figure 1. This graph shows that the groundstate
energy is very insensitive to the vaiue of « for a broad range of values. The principle
of minimum sensitivity gives

wo = 0.42124417, (5.11)
0.70 T T T T
0.60 H -
g
050 F 4
0.40 i A N 1
0.0 0.2 0.4 0.6 0.8 1.0
a

Fig. 1. Groundstate energy for the quartic anharmonic oscillator as a function of « = 1°. in the second
approximation. Here w, = A13f(a), fla) given by (5.10).
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Fig. 2. Groundstate wavelunction i the two-state approximation.

in spectacular agreement with the exacl result, being only 0.1% high, while it gives a
value for the third state, w, = 2.9921*7 accurate to 1%. (The exact value is 2.95911/3
[13].) Solving for « from the eigenvalues of (5.9) gives even better results:

wo = ~1(0.42054 + 2 x 107%), w, = A13(2.9433 £ 0.02201), (5.12)

where the groundstate energy is now low by 0.06%, the imaginary part being negligible.
The real part of the encrgy of the third state is low by only 0.5%. These results for the
groundstate are much better than those resulting from the WK B approximation [13].

The corresponding PMS values for the k = 3 and k = 4 oscillators are similarly
impressive: mq = 04391344 (+0.9%) and w, = 0.477181V5(+2.7%), respectively.
Using the O(h?) data to compute « gives truly outstanding agreement:

k = 3: @, = (0.43284 + 0.00259i)41", (5.13a)
wy = (34532 + 0.1271i)A"4, {5.13b)
k = 4: wo = (0.4647 + 0.014631)417%, (5.13¢)
@, = (4.0186 + 0.3081i)41/5, {5.13d)

where the real parts of the groundstate energies are now low by 0.5% and 0.2%,
respectively.
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Fig. 3. Second-excited state wavefunction in the two-state approximation.

6. Wavefunctions

In the process of diagonalizing (5.9} we find the corresponding wavefunctions in the
two-state approximation, that is, the wavefunctions are taken to be linear combina-
tions of n = (¢ and n = 2 harmonic oscillator states of width y. The real parts of these
wavefunctions arc plotted in Figures 2 and 3. (The imaginary parts amount to only
2% for the ground-state wavefunction and 5% for the excited-state wavefunction.)
These are normalized to unity at the origin to facilitate comparison with [13].

When these are compared with the exact wavefunctions given in [13], we see that
the approximate groundstate wavefunction is nearly indistinguishable from the
exact one, and is much better than the WKB wavefunction given there. The
excited-state wavefunction is quite good, but deviates slightly from the exact
wavefunction, and in particular, the minimum at x ~ 1.1 should be about 10%
deeper. This deviation is not surprising, since the exact excited-state wavefunction
must contain a substantial mixing with the n = 4 harmonic oscillator state. The
error in the excited-state wavefunction is also manifested in the fact that in this
approximation the two wavefunctions arc not quite orthogonal, the magnitude of
the overlap being 5%.
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7. Conclusions

The simple calculations given here for quantum-mechanical anharmonic oscillators
are the beginning of a program to develop use of lattice Hamtiltonian techniques to
explore gauge theories in the finite-element context. The numerical results presented
in Sections 5 and 6 also held in the continuum, by virtue of (3.5), but the calculations
arc much more tedious without the use of the finitc-clement formula (5.1). It is in two
or more spacetime dimensions that the essenttal nature of the lattice in such
calculations comes into play [4,5,14]. The high accuracy contrasted with the
simplicity of the approach leads us to cxpect that we can extract spectral informa-
tion, anomali¢s, and symmetry breaking from an examination of the time-cvolution
operator in gauge theorics.
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